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The asymptotic behaviour of dynamic thermal, mechanical and electromagnetic fields near a singular line (a set of corner points)
of a moving interface of thermoelectrically conducting media when they are subject to external dynamic thermoelectromechanical
actions is established. © 2005 Elsevier Ltd. All rights reserved.

The elastic fields in bodies under condition of generalized plane deformation with a non-smooth moving
interface of the boundary conditions were investigated in [1].

An analytical investigation of the thermoelastic state of electrically conducting non-uniform three-
dimensional bodies with non-smooth interfaces presupposes the construction of functions defining the
corresponding fields. The class of such functions is determined by their behaviour near discontinuities
of the boundary surfaces. A knowledge of the asymptotic form of the functions enables us to construct
solutions of problems on the thermoelastic state of three-dimensional electrically conducting bodies
in the same way as for the three-dimensional fields described by harmonic functions in regions with
non-smooth boundaries [2].

1. FORMULATION OF THE PROBLEM

Suppose S = §; U S, is the interface between two thermoelastic electrically conducting bodies. The
intersection of the smooth surfaces S; and S, defines a smooth singular line L = §; n S,, which is a set
of corner points. We will introduce local curvilinear orthogonal coordinates p, , s by the relation [2]

r = rg + p(cosbny(s) + sindn(s)) (L1)

where r; and r are the radius vectors of the points My € L and M, the point M lies in the plane of the
vectors nn, of the moving trihedron nn;n, at the point My, drawn on the singular line of the surface
So, and is defined in this plane by the polar radius p and the angle 6, n; is the tangential vector to the
singular line, n, is the tangential vector to the drawn surface and s is the length of the arc of the singular
line measured from a certain point on it.

The elastic electrically conducting bodies considered to do not possess spontaneous polarization and
magnetization and are subjected to the action of a mechanical load and a temperature field, and are
also situated in a varying electromagnetic field. There are no external electric charges and currents on
the contact surface, and the materials of the bodies have constant characteristics.

Taking into account the effect of the field of the electric potential on the deformation process, the
thermal conductivity and the electrical conductivity, we will choose as the governing quantities the
displacement vector u, the temperature 7 and the electric potential .
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The equations of equilibrium, heat conduction, conservation of electric charges and Maxwell’s equa-
tions must be satisfied at all points of the composite body, including at points on the singular line [3].
We have

2
u,
lim[cfjgraddivuj - cgjrotrotuj - a4;gradT; - as;grad®; - S-Z—’J =0
t
] aTj adivuj B(Dj
hm(ATj ~byyay b5t bw’j,‘) =0 (1.2)
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j 0j 0j
A = V,E; o 31+ 2y,
T (+vp(-2vy 3

u; is the displacement vector, 7; is the temperature field, @ is the electric potential, H; and F; are the
electric and magnetic field vectors, ¢; is the specific heat capacity, o, is the temperature coeffllcient of
volume expansion, v; is Poisson’s ratio, p; and E; are the shear modulus and modulus of elasticity,
Poj is the density of the material, Ty is a constant, [3; is the electrostriction coefficient of volume expansion,
K; is the thermal conductivity, 7\7 is the electrical conductivity, y; is the temperature coefficient of variation
of the electrical potential, €y; and p; are the dielectric constant and magnetic permeability, ¢;; and c;;
are the velocities of the expansion and shear waves of the medium, Cy; is the specific electrical
capacitance, and the values of the subscriptj = 0, 1 denote the bodies which comprise the non-uniform
body. The limits are taken as M — M, e L.

We will assume that, in the model considered, at points of the singular line of the interface of the
media the conditions of thermoelectromechanical contact are satisfied in the form

lim(upo—uy) = 0, lim(ugg—ug) = 0, lim(uyp-uy,) =0

lim(Ggo— Gg;) = 0, lm(Tye0—Tpe)) = 0, Hm(T,e0—Tser) = O (1.3)
im(Ty—T,) = 0, Lim(qeo-qe,) = 0 (1.4)
lim(®y~®,) = 0, Hm(jgo-Jjo;) = O (1.5)

lim(Egy— Eg,) = 0, lm(E,—E, ) = 0 (1.6)
lim(Hyo~ Hg,) = 0, lim(H,o-H,}) = 0 (1.7)

where the limits are taken as M — M, in the plane normal to the singular line, gq; and jg; are the
components of the heat flux density vector and the conduction current density vector, respectively, Gy;,
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Ty0)» Toy are the components of the stress tensor, and Eqj, Hy;, Hy ), Hy; are the components of the magnetic
eld vectors.

Suppose the translational displacement of a local part of the interface between the media is defined,

as a rigid whole, by the vector 7g(f) = {xo(t), yo(?), zo(f)} in a fixed system of coordinates Oxyz.
- Conditions in the form (1.3) enable us to investigate certain cases in a single way, for example, the
interaction of thermoelectromechanical fields near the singular line of a propagating cavity filled with
an ionized gas (Cy; = T,1 = Tge = 0) [4] and the interaction of thermoelectroelastic fields in the contact
problem of a rigid andp elastic body [5].

We will obtain, in the local neighbourhood of the singular line, the distribution of the components
of the stress tensor, the temperature field, the heat flux density, the conduction current and the
components of the electromagnetic field vectors, if the composition is subjected to external dynamic
force, thermal and electromagnetic actions.

The initial conditions are not specified, since, as will be shown below, when Eqs (1.2) are satisfied a
steady state will exist.

2. LOCAL THERMOELECTROELASTIC FIELDS

We will change in Egs (1.2) to moving coordinates X, y;, z1, connected with the moving part of the
interface by the formulae

x = xp+x0(8), ¥y =y +x(8), z=2z3+2(1)

The derivatives with respect to ¢ in the new coordinates have the form

9* du, vy, V)u,) o°u
a—tl; = (VO’ V)(VOr V)ul - (VO’ V)—at—l - Oat 1 + atzl (21)
)
%_.: =~ (% V)u + 5! (22)

where

dx, dyy, d
uo={x° Yo 4%

— =, =5, |vol <Cigy Vol <Crp» Wy = w(x Zy, 8
dt’dt’dt} |0| 10 lo| 20 1 1O ypzp )

Here and henceforth, when solving system (1.2), we will omit the identifying subscript for simplicity.

The displacement of points of the elastic medium, the temperature field and the electric potential
in the local region of the singular line, starting from the fact that they are equal to zero at points on
the singular line, and also taking into account their form in the time-independent case [6-8], we will
represent it in powers of the variable p of the local coordinates (1.1)

u, = p AP,8,5,1), u, =p B(p,8,s51), u, =p Cp6,s1) (2.3)
T = p"Ty(p,0,5,0)+p 'Ty(p,0,5,1) (2.4)
D = p"'Dy(p, 0,5, 1) +p Dy(p, 8,5, 1) 2.5)

where m, = m,(s, HMg=1,25,6,7,8,9),4,B,C, Tz, T4, @3, @, are bounded and continuous functions
of their variables.

The electromagnetic field strengths near the singular line will also be sought in the form of a power
series

E = {E,, Ep, Ex3}, H = {H;, Hy, Hy}
(2.6)

ny,

E2r =p _1E1(P, 9, Sy t)’ H2r = pm“”Hl(p’ 9, S, t)’ r= 1’2’3

where m, = my(s, t) € (0, 1)(g = 11, 12, ..., 16).
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Representation (2.6) in the two-dimensional case of a body with a crack is identical with the well-
known representation in [6].

We will write the equilibrium equations (1.2) in the new variables, taking into account relations (2.1)
and (2.2), and change to local coordinates, taking representations (2.3)~(2.5) into account.

As aresult, equating the expressions of like powers of p, we obtain a system of differential equations,
which are compatible when m; = m, = m and can be split into the following system

2
a,A +al% +a2“11—e'%+b08+b1§% =0
dA dB ,d’B @7
and the equation
d&C. dC
8270 +8155*+8C =0 (2.8)

Here

2 2 2 2 2
ap = Cyp (m2 1= vymm—1)+ vymim—1), a;=02m-1)0gVg, ay=Cy — VU

bo = Vo Vg(m — 1), by = clo(m—1)— cap(m+ 1) + 20,

co=(1~m—mg Vg C€3=Cog(m+1)= coy(m—1) = V3, (m+2)
2 2 2

dy= Cio(mz‘ D+ U(Z)zs d; =V V(1 =m) + ¢g, dy=cjp — Vpp

2 2 2 2 2
80 = Cymy — Vg ms(ms—1), g=0p00(1 —2ms), ;= ¢ — VU

and vy, and vy, are the components of the velocity vector of the part of the interface in p, 8, s coordinates.
By satisfying the heat conduction equation (1.2) using representations (2.3)—(2.5), as before we obtain
that m; = m and

o*T o'T
%73 +mT, = 0, W‘umzn = —bsf4(6) (2.9)

where

= v 9B 24, B
fe() = vy (m —1)A+v0,(m—1)§6+v02(m+ l)ae+v02862

Substitution (2.3)—(2.5) into the equations of conservation of electric charge (1.2), we obtain that
mg = m and

2 o,
W+m8<p3 = 0, #+m @, = —d f(0) (2.10)

Taking representations (2.3)-(2.5) into account it follows from Maxwell’s equations (1.2) that
my = My T M3 = My = Mys = Mg = My
and when the displacement velocity of the interface of the media is non-zero we obtain

E =0, H =0 r=1273 (2.11)

r
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The solution of system of equations (2.7) has the form

A(8,s,1) = 2Re(Cyexp(8,0) + Cy3exp(8;0))

B(8,s,1) = 2Re(n;C, exp(3,0) + n;Cy,exp(5;6)) (212)
where
ng = by, + byd, +byed, + by
and 8, = o, + if3, are the complex non-conjugate roots of the characteristic equation
8"+ dyyd +dyyd +d g8 +dyy = 0, (2.13)
where bsg, bag, b1g, boo, d3g, dag, dig, doo are quantities defined by vy, Vgz, €19, C29-
The solution of Eq. (2.8) is
C(8,s,1) = exp(050)(Cs,cosBsO + Cs,sinP;0)
s = Vg UozT{S‘:—lg’ Bs = _2|A/_5_;|2_ (2.14)
€20~ Vot 2(c30 = Vpy)
D] = 4(c30 = (Vo1 + Vg))cagms + Voy (4mscay = gy
It follows from Egs (2.9) that
T,(8,s,1t) = Cgcosmgh + CqysinmgB
T,(8,s,1) = Cy,cosm8 + Cy,5inm0 + 2Re(h4, exp(8,0) + h4;exp(5,0)) (2.15)
where
87k
hy = Cm;z?-t-_ﬁi
gk = —bs(Vpy(m* = 1) + vy (m = 1), 8, + vy (m + 1)8, + Vo, 80); k = 1,3
and Cg;, Cgp, C71 and C, are constants.
The representations of ®; and @, follow from Egs (2.10)
®,(0,5,1) = Cgcosmgd + Cg,sinmyd
®,(8,s,t) = CyycosmB + Cyysinm8 + 2Re (kg exp(8,0) + hg;exp(8;6)) (2.16)
where
hoy = Cmc—zﬁgk—z
+ 9,
8ok = —¢16(1)0,(m2 - 1)+ vy (m—Dn, 8, + vy(m + 1)8, + vmnkﬁi); k=13
By satisfying the contact conditions (1.3) using representations (2.3)—(2.5) with the values
8 = 0,(s) = arccos((gradf,, gradf)(|gradf||grad fo| D) (2.17)

(0<0,(s)<n/2), g=1,2

(the equation f,(x, y, z) = 0 defines the surface S, (g = 0, 1, 2)) at the point M € L, we arrive at the
following system of equations
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dB 8B
©®9By (0 0 20
A=Ay B =By 835 20 +802 Ap = 8(11) 36 24,
(2.18)
pOp o p@940 KB, + 004
o1 Bo *+ Ay 20 12 06
, ac, acC,
C, =G Y38 = 39 (2.19)
Here
_Ho g0 © ( (m + l)Vo) © ©_, (m+1v,
’Y-ul, 8o1 —2'Ylvloo’ 8o =1+ 1-2v, /' 811 -21101’ g1z =1+ _“‘”"—1_2\,1
(©) (©) (0) © _ 1-v;
hoy = y(m=1), hyy =Y, hy =m-1, hyy =1, po; = Zm

J

By satisfying the thermal-contact conditions (1.4) and taking representation (2.4) into account, we
obtain the following system of equations

0T, T K
S==E g =34 Y=
1

T o Y3 = 3o

=T (2.20)

ql

From the conditions for electrical contact (1.5) and taking representation (2.5) into account, we have
the following system of equations

od o A
T q0 = ql g = 3,4; Vg = -0 (2‘21)

Cq = P Vs3e = 3o i

Substituting representations (2.15) into system (2.7), we obtain a system of linear homogeneous
algebraic equations in the constants Cyy, Cg3, C; and Cy3. Equating its determinant to zero, we obtain
a characteristic equation for determining the order of the singularity of the dynamic stresses

detQ = 0 (2.22)
0=y, rq=12,...8 the rth row of the matrix Q is as follows:

(Prq)q=(slrlexp(8116p)’ jlrlexp(sl]ep)‘ 31r3eXP(8139p)’ §1r3exp(8139p)’

50,1€Xp(80,9,), EO,Iexp(SmGp), S0r3€XP(8039,,), 30,3exp(5039p)); r=1,2734

T _ T _ ©0) _ 10 0,
(Sj10 Sj200 Sj3k0 Sjak) = 1, 8k hjk) » 8jk = &1 Sjk+njkgj2’ hj = hj, +njk8jkhj2’

k=13

j=1when g=1,2,3,4;j =0 when g =5,6,7,8
Sip = Sipy P = 1 When r=1,2,3,4;58y, = Sy_4p,p =2 When r =5,6,7,8
n; are the complex non-conjugate roots of Eq. (2.13), written for the jth components and the bar denotes,
as usual, a complex-conjugate quantity.

Using the solution of this system with zero determinant and representations (2.3)-(2.5) we can find
the distribution of the local dynamic stresses and displacements in each body, making up the non-uniform
body, close to the singular line of the moving part of the interface in local coordinates (1.1).

!
(O) 2 (p MOann) +0(p ) u(BO) 2 (pmnMOZnKn) +0(pm*)’ m* = maxm,,

n=1 n=1
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i
o® = 2, % (p’”"" (Vo1 =m))(1 - 2v9) M, +

n=1

—laMOZn
+ V(1 -2vy) 3 )Kn)+ o(1)

. (2.23)
680) = 2p, z (Pmn_l((l = 3vg +vem,)(1 —ZVO)_]MOIn +

n=1

oM
+(1=vo)(1=2vg)" agz") n)+0(1)

!

- My,
1 = 20 % (b7 (ma- )M, + 522K, )+ 001)

n=1
where
My, = 2Re(ng, Py,exp(8410) + ng;S,,exp(8y:0))
My, = 2Re(P;,exp(8y,0) + Sp,exp(539))

I'is the number of roots m,, € (0, 1) of the singular characteristic equation (2.22), P;, and S, (j = 0, 1)

are quantities determined by the elastic characteristics of the materials of the components, and K, are

the stress intensity factors. The distribution of the stresses and strains of the other component of the

composite body has a form similar to distribution (2.23), taking its constants of elasticity into account.
By satisfying system (2.19), using (2.14), as previously we obtain the characteristic equation

= gs (2.24)

sin(%im*(ﬁﬂ - 650))

sineimas51 - 8;,))

where
—-1
0* =2n-0, ©=20,+60, gs5-= 17850”551”7550“551l

and 85y and &5 are quantities in representation (2.14), written for both components of the composite
body. The distribution of the corresponding displacements and stresses is one of the components of
the composite body has the form

t 50— 1
“§0) = Z(P 5M3zK3;)+0(P L‘? = Hoz(”’SzP M;,K5,) + O(1)
t=1 t=1

(2.25)

Is

ms,— laM
LENTIS Y (K3,p =5 )+ O(1), M,, = 2Re(P;,exp(859))

t=1

where s is the number of roots ms, € (0, 1) of the characteristic equation (2.24), msy = maxms,. The
distribution of the displacements and stresses in the other component of the composite body has a similar
form, taking its constants of elasticity into account. Distribution (2.23) and characteristic equation (2.22)
correspond to the plane dynamic problem, while distribution (2.25) and Eq. (2.24) correspond to the
dynamic longitudinal shear problem.

Similarly, by satisfying systems (2.20) using representations (2.15), we obtain that

mg = T/2n-w)<1 (2.26)
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The temperature field in local curvilinear coordinates (1.1), based on the solutions obtained and
representation (2.14) of one of the components of the composite body, has the form

To = p (Y- 1) (kg cosmg(8 - 8,) + kg, sinmg(8 —6,)) +
{
+ 3 (P™"(Gog1,c08m,8 + Gogp, Sinm, 8 + Fog, (8))) +0(p™) (2.27)

n=1
where
-1 -1
Fys,(8) = 2Re(Coyexp(8;0)(m> +85;)  + Copexp(8430)(m + 5g3)

Gus1n and Gyg, are determined when solving system (2.26), and k¢ and kg, are the heat flux density
intensity factors.

The temperature field distribution in the other component of the composition has a similar form,
taking its thermal characteristics into account.

From systems (2.21), taking expressions (2.16) into account, we obtain the quantity which defines
the order of the singularity of the conduction current density

mg = T/(2n-w) <1 (2.28)

and, from the solution of the system of algebraic equations, we obtain the corresponding distribution
of the electric potential in the matrix

D) = p (Yg— 1) (kg cosmg(8 —0,) + ky; sinmg(6 —6,)) +
!
+y (P""(Gog1nc0SmM,0 + Gogy, Sinm, B + Fog,(8))) + 0(p™") (2.29)

n=1

The constants Gygy, and Gg,, are found when solving system (2.28), and kg, and kg, are the conduction
current density intensity factors.

The distribution in the other component of the non-uniform body also has a similar form, taking its
electrical characteristics into account.

Hence, both the local stresses and the components of the heat flux density and the components of
the conduction current density in the neighbourhood of the singular line have a power-form of singularity.

To obtain the case of a cavity filled, for example, with an ionized gas, propagating from the singular
line, it is necessary to let W, tend to zero in the singular characteristic equations (2.22) and (2.24), and
in the distributions of the components of the local stress tensor (2.23) and (2.25). As a result we obtain
sin(%iw*(Sm - 803)) , Imds, = =/(21 - @) (2.30)

sin(%im*(Sol-&B)) =4q

where
- _ -1
q= |h03801 "h01go3||h01803 ‘hmgoal

and the corresponding distribution of the components of the stress tensor.

Taking the limit in relations (2.22)-(2.24) as 1; — oo, which corresponds to the case of the first
type of boundary conditions in the contact problem for absolutely rigid and elastic thermoelectrically
conducting bodies [5], we obtain singular characteristic equations, which are identical with Eqs (2.30),
and where it is necessary to put g = |ng; — Ros| |Ho1 — figa |71, and also the corresponding local stress
distribution.

The orders of the singularity of the temperature field (2.26) and of the electric potential (2.28) are
determined solely by the geometry of the interface of the media.

Letting the quantity x; tend to zero (infinity), we obtain the distribution of the temperature field for
the thermally insulated (absolutely heat conducting) part of the interface of the media. For an electrical
conductivity A; = 0 or A; — o=, we obtain from distribution (2.29) the distribution of the electric potential
in the neighbourhood of the dielectric or absolutely conducting part of the interface.
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3. A FIXED INTERFACE OF THE MEDIA

Assuming vg; = 0 and vy, = 0 in relations (2.22) and (2.24), we obtain the well-known characteristic
equations, which determine the order of the singularity of the dynamic stresses near the fixed interface
of the media [9]. In this case terms containing singularities of the stresses 1 —m,, (n = 1, 2, 3, 4) in the
distribution of the temperature field (2.27) and of the electric potential (2.29) disappear, and they are
converted into distributions for the time-independent case.

The components of the electric field vector, as follows from relations (2.6), have power singularities
and the following distribution in the matrix

Ep, = P 'koypsinmg(0-8,) + O(1)

Epo = p"° 'kozcosmy(8—0,) + O(1)
Ey, = O(1), my = ©/(27 - )

The components of the magnetic field have a similar form.
Hence, we also obtain from boundary condition (1.5) the relation between the conduction current
density intensity factor and the electric field strength intensity factor

kg, = (1 —ys)2k013(2m078)'1 (G.1

In the case of a fixed interface between the media with a singular line, the distribution of the local
stresses and strains, the temperature field and the heat flux, the electric potential and the conduction
current density turn out to be the same both for dynamic loads and for static loads and for time-
independent thermal and electromagnetic influences. This result agrees with the well-known results in
the literature {10, 11] in the case of cracks (u; = 0, &(s) = 2n) and strong dynamic influences.

In the case of a cavity, the nature of the singularity of the components of the stress tensor is identical
with that obtained earlier in [1], while the singularity of the electric potential agrees with well-known
data [12]. Passing to the case of a two-dimensional plate with a crack, we obtain a singularity of order
1/2 for the conduction current density, which agrees with the well-known result in [3].

The singularity components of the heat flux density and the conduction current density is the sum
of two terms, one of them, of the order of 1 — m,, is due to the thermal and electrical properties of
the composition, while the second, which is of the order of 1 — m,, (n = 1, 2, 3, 4), is due to the elastic
properties of the composite and is determined by the stress intensity factors. Thus the thermal, electrical
and mechanical fields are connected with one another near the singularities of the surface of the moving
part of the interface between the media, i.e. local deformations near the singular line lead to
perturbations of the thermal and electric fields. In the case of a fixed interface, this effect disappears,
but a singularity of the components of the electric field vectors of the order 1 — my appears, and the
conduction current density experiences the influence of the electromagnetic fields according to relation
(2.31).

The realization of relations (1.2) leads to systems of differential equations (2.7)-(2.10), not containing
derivatives with respect to the variable ¢, i.e. the problem is solvable for the time-independent mode.

The value of the opening angle of the interface at points of the singular line affects the order of the
singularity of the heat flux, and electric potential and the electromagnetic field strength. The elastic
properties of the composite and the velocity of displacement of the part of the interface, as follows
from the singular characteristic equations (2.22) and (2.24), determine the singularity of the stresses
and, via these, affect the singularity of the heat flux density and the conduction current density.

We will illustrate the effect of displacement of part of the interface on the local stress state using the
example of the value of 1 —ms, defining the singularity of the stresses 1, o, near the singular line of
the surface of a propagating cavity filled with an ionized gas. From Eq. (2.30) we have

1

12
5= ————— (M A+ (1-] +13) (N3 +
2(1-(my+my))

m

(3.2)

2
2 12
2 )™, o = 2m-0
m*
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0.50

AN

0 /2 o n

Fig. 1

where h; = Vgc55, B2 = Voac5; are relative values of the components of the propagating cavity velocity
vector.

Numerical analysis of formula (3.2) shows that the values of n; and 7,, belonging to the interval
(0.1, 1) have a considerable effect on the order of the singularity of the local stresses.

The change in the order of the singularity of the stresses 1 — m5 as a function of the openingzangle ®

of the surface of the propagating cavity at points of the singular line is shown in Fig. 1 for n? =nj = 0.02.
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